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ABSTRACT 
 
This work investigates the effects of amplitude perturbations 

on the frequency stability of Electrostatic MEMS resonators. As in 
quartz, the activity limit, or maximum sustainable drive current 
depends on the nonlinearities of the resonator and its quality factor 
(Q). We find that at high activity the random amplitude 
fluctuations get mixed into the phase noise of the oscillator, 
causing frequency instability (phase noise). Using a Double-
Ended-Tuning-Fork (DETF) structure we verify the presence of A-
f (Amplitude frequency dependence) effect in MEMS resonators. 
We find that the A-f coefficient in our low frequency test structure 
is orders of magnitude higher when compared to quartz crystal 
resonators.  
 

INTRODUCTION 
 

Electrostatically coupled micromechanical devices have 
become a promising solution for frequency references and signal 
processing applications in recent times [1]. Integration of these 
micromechanical structures with on-chip CMOS circuitry 
potentially leads to considerable size and cost reduction, making 
them a commercially attractive and viable replacement for quartz 
crystal technology. 

Several efforts to commercialize electrostatic MEMS 
resonator technology are currently underway. One of the most 
promising applications of commercial interest is probably the 
cellular communication business. MEMS resonator based 
oscillators with frequency stability that satisfies the GSM standard 
requirements have already been reported in [2, 3]. Other important 
applications include networking and timekeeping. While some of 
these applications focus on higher frequency resonators, low 
frequency and flexural type resonators appear in a wide assortment 
of resonant sensing applications including acceleration sensors, 
mass sensors, etc.  

For these applications, nonlinearities in the resonators limit 
the ultimate frequency stability (or phase noise performance) that 
can be achieved. In sensors, this stability is a measure of the 
achievable resolution. Nonlinearities in quartz have been studied 
and their impact on frequency stability of oscillators has been 
discussed [4]. Perhaps the most important limitation on frequency 
stability is dictated by the limitation on the ‘activity’ or power 
handling, which is a measure of the useful signal strength that can 
be sustained by these devices. At high amplitudes of oscillation the 
nonlinearities can become considerable and cause Duffing type 
effects. The broader term used for this effect in quartz literature is 
A-f (Amplitude-frequency) effect. The generating mechanisms for 
nonlinearities that can cause this effect in MEMS and a 
mathematical description for  power handling have been developed 
previously [3, 5]. Nonlinear multiplication of low frequency 
electronics noise into the close-to-carrier noise have also been 
studied [6-8].  
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Figure 1. a) Scanning electron micrograph of the top view of the 
DETF resonator used in our experiments. The beam dimensions 
used were L = 220 µm, w = 8 µm and t = 20 µm. The resonant 
frequency of this resonator is ~1.3 MHz. b) FEMLAB simulation 
showing the resonant mode shape of the structure.  
 

In this work we focus primarily on the A-f effect, which 
converts the amplitude noise into frequency noise, and at higher 
amplitudes can even cause bifurcation instability [3, 5]. Analytical 
models for the effect of this nonlinearity on the noise performance 
of these oscillators will be presented, along with experimental 
verification using a double-ended tuning fork resonator, 
schematically shown in Figure 1. Methods for measurement and 
quantification of nonlinearities and comparison with quartz will 
also be presented. 
 

AMPLITUDE NOISE vs. PHASE NOISE 
 

In this section we describe the two kinds of noise in an 
oscillator output, namely amplitude noise and phase noise. The 
output voltage of an oscillator can be represented by  

 ( ) ( )( ) ( )( )0 0cos 2= + π + ϕout N NV t A a t f t t  (1) 

Here A0 is the average amplitude of the output signal and f0 is 
nominal frequency of oscillation. aN(t) and φN(t) represent the time 
varying components of the amplitude and phase, respectively. 
These components are considered as noise, because an ideal 
oscillator would have constant amplitude A0 and phase varying at a 
constant rate 2πf0. It can be shown that white noise power of the 
amplifier electronics is equally partitioned into amplitude and 
phase noise components [9].  

The low frequency noise components, at fN << f0, of aN(t) and 
φN(t) are most important because they appear at f0 ± fN in the output 
spectrum of the oscillator, and form the “close to carrier” noise.  

In most commercial applications where these devices are used 
as timing or frequency references, the amplitude noise aN(t) can be 
ignored. As can be seen from (1), the amplitude noise by itself 
does not affect the temporal position of the zero crossings of the 



signal where all the useful timing information is situated. Phase 
noise φN(t), on the other hand, affects only the zero crossings and 
is hence a measure for the frequency stability of the oscillator. 
Therefore, it is hence more relevant for timing and frequency 
reference applications. Additionally, amplitude noise can be 
removed, if needed, using simple amplitude saturation or hard 
limiting of the oscillator output to remove amplitude fluctuations, 
followed by filtering to remove the harmonics. Such a practical 
method is not available for removing phase noise. 

Because MEMS resonators have low intrinsic power handling 
compared to quartz they almost always need to be operated close 
to their nonlinear limits [3, 5, 6]. At such high amplitudes the A-f 
effect becomes even more important. It is hence important to 
design the sustaining circuit with stable amplitude at the input of 
the resonator. In most cases this can be achieved by limiting the 
amplitude of the AC voltage using a feedback loop and a variable 
gain amplifier (VGA) or hard limiting with something similar to a 
comparator. 

  
AMPLITUDE-FREQUENCY DEPENDENCE  

OR A-f EFFECT 
 
It is widely mentioned in quartz literature that the A-f and 

related effects limit the usable amplitude of resonator vibration [4, 
10], defining the maximum signal strength available. In this 
section, we give a mathematical description of this effect in 
MEMS resonators. These models quantitatively describe the 
nonlinear distortion of the resonator response [3, 5], thereby 
providing an important design objective.  

Since the dominant nonlinearities in these devices are of 2nd 
and 3rd order in the restoring force, the amplitude-frequency 
relationship will exhibit a parabolic dependence for high Q 
resonators [11]. Ignoring thermal effects this can be represented by 
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where Id is the r.m.s. drive current through the resonator and κ is 
called the A-f coefficient, consistent with quartz terminology.  

MEMS resonators exhibit two kinds of nonlinearities – 
electrical softening and mechanical stiffening [3, 5]. Quartz 
exhibits only stiffening type nonlinearities. At low DC bias 
voltages, the capacitive forces are weaker and the dominant 
nonlinearities occur due to geometrical and material effects at 
large displacements/strains. This causes mechanically induced 
stiffening type A-f effect. At higher bias voltages the capacitive 
forces become stronger and hence the electrostatic nonlinearities 
become dominant. This causes electrically induced softening A-f 
effect. 

Mechanical nonlinearities are similar to the kind seen in 
quartz [4], where the resonator response bends toward the higher 
frequency side. This is caused by mechanical stiffening of the 
effective spring constant at higher amplitudes. This effect is shown 
in Figure 2(a). The device used for this measurement was 
fabricated using the epi-seal encapsulation process as discussed in 
[12].  

We can express the mechanical nonlinearity terms in the 
system by looking at the higher order components in the 
mechanical restoring (or spring) force, given by 

 3
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where k1 is the linear spring constant, k3 is the 3rd order force 
nonlinearity component and x is the beam displacement. The 2nd 
order nonlinearity component has been ignored due to symmetry 
of the structure. The negative sign here indicates the restoring 

nature of the force. For this system the mechanical A-f coefficient 
is given by [5, 11] 
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where d is the electrostatic gap size, m is the effective mass of the 
structure, ω0 is the angular frequency, A is the area of transduction 
capacitance, and VBias is the DC bias voltage on the structure. This 
effect may not be observed in devices with low Q or very small 
gap size. This is because under these conditions the amplitude of 
oscillation required for getting an amplitude based frequency shift 
comparable to the bandwidth of the resonator becomes a larger 
fraction of the electrostatic gap size. The system cannot be 
modeled with 2nd and 3rd order nonlinearities alone in this case, 
and higher electrostatic nonlinearities start to have an impact. 
These electrostatic nonlinearities are always of the softening type, 
making the mechanical stiffening effect impossible to observe. 

Electrical nonlinearities make the effective stiffness of the 
device smaller at high amplitudes, leading to a resonator response 
that progressively bends towards the lower frequency side as we 
increase the drive current. Figure 2(b) illustrates this effect. The 
nonlinearities in the electrostatic forces are due to the change in 
the gap size as the resonator vibrates. This can be accurately 
modeled by looking at the higher order Taylor coefficients of the 
expression for the force between the plates of a capacitor. Using 
the third order nonlinearity term, the electrical A-f coefficient 
becomes [5, 11] 
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In this regime, κ is independent of the bias voltage. This 
effect should be observed at high bias voltages in almost every 
electrostatic MEMS resonator. It is also to be noted that the 
models presented up to this point are not specific to flexural 
designs but are valid for all types of electrostatic resonators. 

 
STATIC MEASUREMENT OF A-f EFFECT 

 
To measure the A-f coefficient using this method, we need to 

measure the frequency shift as a function of the drive current level, 
and extract the parabolic dependence coefficient. Figure 3 shows 
the peak frequency plotted against the peak activity for different 
regimes of operation in the resonators. The inset in this figure 
shows the distortion in the response as we change the drive level 
for this resonator. The device in this measurement is the same 
design as specified before, but fabricated using the oxide seal 
encapsulation process [13]. The device layer thickness was 20 µm 
with an electrostatic gap size of ~ 2 µm. 

 
DYNAMIC MEASUREMENT OF A-f EFFECT 

 
An alternative way of measuring the A-f coefficient is using 

dynamic measurements, a technique also used in quartz crystal 
resonators [14]. In this method we connect the resonator in a self 
oscillating circuit and modulate the amplitude of the voltage input 
to the resonator at several test frequencies (fN << f0), looking for 
phase perturbations in the oscillator output. 

This technique has several advantages. First, it can be used to 
isolate the thermally induced frequency shift effect from the 
nonlinear effect to make a more accurate measurement of the 
nonlinear properties. Second, since this is a small perturbation 
experiment, we can verify whether the impact of random 
amplitude perturbations in the real system can be completely 
explained from this nonlinear effect. This is so, because these 
forced small amplitude perturbations emulate the random 



amplitude perturbations that would be present in a real oscillator 
more accurately. Finally, since this measurement is done on an 
oscillator 

 
(a)                                                (b) 

Figure 2. Measured A-f effect in a DETF MEMS resonator. The 
plots show activity (Idrive) as a function of frequency at a) low bias 
voltage (13V) showing mechanical nonlinearities and b) at high 
bias voltage (60V), showing electrical nonlinearities. 
 

 
Figure 3. Static measurement of the electrical A-f coefficient. The 
plot shows the peak frequency as a function of the peak output 
current at different bias voltages. The dashed lines are parabolic 
fits. It can be seen that a very good match of dependence is 
observed with the model developed in equation (2). Also, as 
predicted by equation (5), we find that the κ for the resonator 
remains independent of bias voltage. The inset shows resonator 
frequency responses with different activity levels at VBias=70V. 
 
rather than a resonator, the measurement includes the effects of 
any circuit non-idealities (like phase error) that may be present. 
Hence it can be used to provide a figure of merit for the complete 
oscillator circuit. Figure 4 shows a schematic of the oscillator 
circuit used for this measurement and a picture of the PCB 
fabricated for this circuit. 

Without amplitude modulation at the input, the output 
frequency spectrum of the oscillator would be a single peak at the 
resonant frequency. However, when we introduce amplitude 
modulation at the input at a frequency fN we see side-peaks at f0 ± 
fN as shown in Figure 5. 

The phase information of the sidepeak is not available in this 
measurement. This means that the “Amplitude Noise (AN) – Phase 
Noise (PN)” sidepeak could also be “PN – AN” depending on the 
relative magnitudes. Hence, in order to extract the phase 
perturbation component we look at both, the sum and difference of 
the side-peak levels. A more precise method to do this is to use a 
phase bridge as described in [14]. An extracted phase perturbation 
level plot is shown in figure 6. It should be noted that this graph 

does not plot the inherent random phase noise level of the 
oscillator. This is the phase perturbation level due to the controlled 

       
 
 
 
 
Figure 4. Circuit schematic and PCB of the oscillator. The 
AD8036 is a clamping amplifier that limits the peak levels of vAC to 
CL+ and CL-. Amplitude modulation of the resonator driving 
current was achieved by superposing a small sinusoidal signal on 
the CL+ and CL- voltage levels using simple bias tees.  

 
Figure 5. Output spectrum of the oscillator with the resonator 
input having amplitude modulation at 300 Hz. In this case where κ 
is negative, the low frequency sideband can be shown to be the 
sum of amplitude and phase perturbations and the higher 
frequency sideband is the difference of amplitude and phase 
perturbations. The inequality of sidebands confirms that amplitude 
perturbations in the input cause phase perturbations, or that 
amplitude noise is converted to phase noise due to the A-f effect.    

 
amplitude modulation at the input, which is much higher than the 
inherent random phase noise of the oscillator. Close-to-carrier 
perturbation exhibits 1/f2 behavior which represents a constant 
frequency perturbation at the modulation frequency. We can 
estimate the κ of the device from the relative strength of the side-
peak level L(fm) in dBc, by 
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where fm is the amplitude modulation frequency. In this equation, 
if ∆Id is replaced by the random amplitude noise in the drive 
current, we will obtain the phase random noise in the system. The 
extracted value of κ from the dynamic measurements and 
comparison with static measurements are shown in Figure 7. 



 
Figure 6. Phase perturbation levels extracted from the sidepeak 
levels in the output spectrum (Figure. 5). The 1/f2 behavior close to 
the carrier can be observed from this plot, consistent with the 
model, as shown in (6). The different curves represent the phase 
perturbation levels at different input AC voltages from 0.1 Vp to 
0.5 Vp with a constant modulation voltage of 9 mV superposed on 
it. The arrow points in the direction of measurements obtained for 
increasing input AC voltages. 
 

DISCUSSION 
 

We found that the A-f coefficient of the DETF MEMS 
resonator considered here is very large. This is representative of its 
power handling capability, and such high numbers suggest that the 
sustainable drive current is merely on the order of µA, even with a 
Q of the order or 104, as found in [5]. By comparison, a 5-MHz 
quartz AT cut crystal has κ ~ 10-13/(µA)2 [4] which is about 9 
orders of magnitude lower than MEMS (κ ~ 10-4/(µA)2). Hence, 
quartz crystals can sustain drive currents of several mA even 
though the quality factor is comparatively high, about 106. 

As can be seen in equations (4) and (5), the κ coefficient in 
MEMS resonators should decrease considerably as we go to higher 
frequencies (ω0). For instance, a 100-MHz resonator built on a 
similar process could have its A-f coefficient within approximately 
an order of magnitude of quartz (κ ~ 10-13/(µA)2 for a 100-MHz, 
AT cut quartz [4] ). However, higher frequency structures tend to 
be stiffer and need smaller gap sizes for their operation, which 
would mildly counteract the benefit from higher ω0. 

 
CONCLUSIONS 

 
In this work, we demonstrated that amplitude noise in the 

studied oscillator induces phase noise in presence of the nonlinear 
A-f effect. A model for the A-f effect was derived and both static 
and dynamic measurements on a double ended tuning fork 
resonator were presented for verification. 

It was also observed that the A-f effect in our MEMS test 
structure was much stronger than in quartz crystals. We conjecture 
that this disadvantage will be less pronounced in higher frequency 
resonators. 
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