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ABSTRACT

Sensitive capacitive transduction of micromechanical resonators can contribute significant electrical dissipation, which degrades the quality factor
of the eigenmodes. We theoretically and experimentally demonstrate a scheme for isolating the electrical damping of a mechanical resonator due
to Ohmic dissipation in the readout amplifier. The quality factor suppression arising from the amplifier is strongly dependent on the amplifier
feedback resistance and parasitic capacitance. By studying the thermomechanical displacement noise spectrum of a doubly clamped
micromechanical beam, we confirm that electrical dissipation tunes the actual, not effective, quality factor. Electrical dissipation is an important
consideration in the design of sensitive capacitive displacement transducers, which are a key component in resonant sensors and oscillators.

VC 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5125286

Micro- and nanoelectromechanical (M/NEM) resonators are
widely used as timing references,1 inertial sensors,2,3 and mass sen-
sors.4,5 The quality factor, Q, is the inverse measure of dissipation in
M/NEM resonators and is one of their most important properties.
Increasing Q improves the thermomechanical signal-to-noise ratio
(SNR) in resonant sensors and reduces the phase noise in oscillators.
Large Q also maximizes the effective cooling attainable with feedback
or parametric coupling, which eases the temperature requirements for
cooling the mode into its quantum ground state.6–9 The quality factor
is traditionally limited by mechanical losses, such as anchor damp-
ing,10–12 thermoelastic dissipation (TED),13,14 the Akhiezer effect,15–17

and surface losses,18,19 and so a great deal of work has gone toward
understanding and minimizing these sources.

Dissipation may also arise from the electrostatic or magnetic cou-
pling of the resonator to its external environment.20–27 Electrical damp-
ing is distinct from the “effective” quality factor tuning mechanisms,
which also often arise from electrical interactions, because electrical
damping increases both the dissipation and the corresponding thermo-
mechanical noise force.28 For capacitive or magnetomotive detection,
the resonator induces charge flow, which through Joule heating is dissi-
pated in the resonator body, the measurement circuit, or in nearby
grounded electrodes, increasing the linewidth. The associated Johnson
noise acts back on the mechanical motion via the same electrical cou-
pling path, increasing the thermomechanical noise force. Electrical

damping is pronounced in electromechanical resonators constructed
from carbon nanotubes, nanowires, and graphene because of the strong
charge coupling and tiny inertia.23,24,29–34 It also arises in nanomechan-
ical resonators due to currents in the detection circuit,20,21,35–37 Ohmic
losses in the adjacent electrodes,22,23,38–40 or dielectric losses in the
body.25,26,41

In capacitively transduced micromechanical resonators, electrical
damping is typically small compared to gas damping, anchor loss,
thermoelastic dissipation, and other mechanical sources. The influence
of the capacitive coupling of the MEM resonator to its external envi-
ronment on the dissipation can often be ignored in this case. However,
efforts to maximize SNR in MEM resonant sensors and oscillators can
potentially lead to significant electrical damping in the resonator and
detection circuit, to the point where the contribution from the intrinsic
sources becomes negligible.

In this Letter, we study strongly electrically damped microme-
chanical resonators in a wafer-scale encapsulation process.42 The max-
imized detection SNR achieved with micrometer capacitive gaps, a
large electrode area, and a large transimpedance gain introduces signif-
icant electrical dissipation, which can ultimately dwarf the damping
originating from mechanical sources. Our setup allows us to adjust the
electrical damping arising from an adjacent capacitively coupled resis-
tor to ground, the electrical loading by the amplifier, and the modifica-
tion of Q arising from the dependence of resonant frequency on bias
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voltage. This allows us to isolate the contribution of electrical damping
in the amplifier to the total resonator dissipation. We propose a model
for electrical losses in our capacitively transduced micromechanical
resonator, analogous to the electrical damping models introduced for
other M/NEM systems,20,21,23–25,38 and validate it with experiments on
a fabricated doubly clamped beam. By fitting the results from the
fluctuation-dissipation theorem to the thermomechanical displace-
ment noise spectrum in the presence of increasing electrical damping,
we confirm that these dissipation sources correspond to an actual, not
effective, change in the quality factor.

Figure 1 depicts the equivalent system for the doubly clamped
beam resonator and measurement setup. Electrical contacts to the
resonator and adjacent electrodes allow for capacitive sensing and
electrical loading of the resonator. We capacitively monitor the
thermomechanical motion with a low-noise transimpedance
amplifier (TIA), which enables us to extract the quality factor, res-
onant frequency, and electromechanical transduction factor.43 The
beam is fabricated from single crystal silicon and is oriented in the
[110] direction. It has a length of 600 lm, a width of 6 lm, and a
device layer thickness of 60 lm. The capacitive gap size is roughly
1 lm. The lumped mass of the fundamental flexural mode is
82.73 ng.43

The circuit diagram for the TIA is depicted in Fig. 2 and consists
of a transimpedance stage with a low-pass filter and an inverting
amplifier stage with a bandpass filter. A third unity-gain buffer stage is
used to maintain amplifier stability. Table I gives component values
for the circuit. The influence of the first stage feedback resistor of the
amplifier circuit, Rf 1, on the electrical damping can be represented by
an effective passive load,

RE ¼
Rf 1

1þ GOL
; (1)

where GOL is the open-loop gain of the operational amplifier in the
first inverting amplifier stage of the TIA.

By applying a bias voltage Vb between the beam and adjacent
electrodes, the capacitive coupling will transduce the thermome-
chanical motion of the beam into a motional current out of the
electrodes. Dissipation in the TIA connected to one electrode acts
back on the motion as it amplifies the motional current into a
voltage, lowering the Q value. Ohmic dissipation of the motional
current in the electrical load resistor RL connecting the opposing
electrode to ground also contributes electrical damping. By system-
atically varying the load resistance and first stage amplifier feed-
back resistor, the electrical damping contributed by the load
resistor and amplifier can be independently measured. We mea-
sure the amplitude spectral density (ASD) of the TIA output near
resonance to extract the Q value as a function of Vb, RL, and ampli-
fier feedback resistor. No external drive forces are used, so the res-
onator remains in thermal equilibrium with its environment
during the course of the measurements. The entire resonator and
amplifier system is maintained at 30:060:1 �C using an electrically
shielded, temperature controlled chamber. Chip-scale electrical
connections to the resonator make a significant contribution to the
parasitic capacitance, and so they were made once and left undis-
turbed throughout the duration of the experiments. To minimize
the variation in the parasitic capacitance during the measurements,
we make changes to the amplifier and load resistor via the external
breakout board.

Figure 1 presents a second-order mechanical system coupled to
two first-order electrical systems by two position-dependent capaci-
tances, given by

C1 xð Þ ¼ cc�0A
g � x

; C2 xð Þ ¼ cc�0A
g þ x

; (2)

where �0 is the permittivity of free space, A is the capacitor area, g is
the gap size, and cc ¼ 0:52 is the mode shape correction factor.43

Applying the conservation of charge at the two electrodes leads to
equations for the electrode voltages, which can be combined with the
equation of motion for a simple harmonic oscillator to form a system
of three coupled equations,

FIG. 1. The equivalent system for modeling electrical damping due to two coupled
loads. The mass, m, is constrained to translate in the x direction and is connected
to a spring, k, and dashpot, b. The mechanical system is coupled to two first-order
electrical circuits via the position-dependent capacitances, C1ðxÞ and C2ðxÞ. One
circuit consists of a parasitic capacitance, Cp, and resistive load, RL. The transimpe-
dance amplifier (TIA) is attached to the opposing electrode to amplify the current
resulting from the thermomechanical motion and is modeled as contributing a para-
sitic capacitance, Cp, and an equivalent load resistance, RE.

FIG. 2. A schematic of the transimpedance amplifier used to capacitively measure
mechanical motion in our micromachined resonator. The three amplifiers used in
Figs. 3 and 4 only differ in terms of the first stage feedback resistor, emphasized by
the red dashed box in the schematic.

TABLE I. Transimpedance amplifier component values.

Rf 1 Cf 1 R2 C2 Rf 2 Cf 2 R3

1–10 MX 0.01 pF 1 kX 10 nF 10 kX 10 pF 1 kX
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meff €x þ b _x þ kx ¼ Fe xð Þ þ Fth;

V1

RL
þ Cp

dV1

dt
þ d
dt

C1ðxÞ V1 � Vbð Þ
� �

¼ 0;

V2

RE
þ Cp

dV2

dt
þ d
dt

C2ðxÞ V2 � Vbð Þ
� �

¼ 0; (3)

where Vb is the device bias voltage, Fe is the force from coupling to the
electrical system, and Fth is the thermomechanical noise force. Using
the Laplace transform, the equations for the electrical circuit can be
expressed in the frequency domain,

V1 xð Þ ¼ Vbjx a1 � b1jð ÞC1 xð Þ;
V2 xð Þ ¼ Vbjx a2 � b2jð ÞC2 xð Þ:

(4)

Here, a and b are the parameters of the electrical circuit, which are
given by

a1 ¼
RL

1þ x2R2
LC

2
t;1
; b1 ¼

xR2
LCt;1

1þ x2R2
LC

2
t;1
;

a2 ¼
RE

1þ x2R2
EC

2
t;2
; b2 ¼

xR2
ECt;2

1þ x2R2
EC

2
t;2
;

(5)

where Ct;1 ¼ Cp þ C1 and Ct;2 ¼ Cp þ C2. Nominal device capaci-
tance Cd;0 ¼ C1ðxÞjx¼0 can be found using Eq. (2) to be 0.17 pF.
Parasitic capacitance, which is dominated by the electrical contacts to
the device through the encapsulation layer, is roughly 20 pF. Since the
parasitic capacitance is several orders of magnitude larger than the
capacitance across the gaps, Ct can be approximated as constant. As
we show in the supplementary material, the relaxation time of the res-
onator is significantly larger than the relaxation time of the electrical
circuit during these experiments, so the voltages V1 and V2 can be
assumed to be uniform across the electrodes. These voltages lead to
forces on the mechanical system via the coupling capacitances, which
can be obtained with Coulomb’s law,

Fe xð Þ ¼ C2
1 Vb � V1ð Þ2

2ccA�0
� C2

2 Vb � V2ð Þ2

2ccA�0
: (6)

Expanding Eq. (6) and keeping the terms at x yield a force term that
depends upon the position and velocity as

Fe ¼ 2C�1d;0 � x b1 þ b2ð Þ
h i

g2x � a1 þ a2ð Þg2 _x; (7)

where g ¼ Vb
@C1
@x jx¼0. Substituting Eq. (7) into Eq. (3) yields the gov-

erning equation for the mechanical system,

€xþwn

Q
_xþx2

nx¼
Fth
meff

(8)

where Q is the quality factor and xn is the resonant frequency of the
total system. The term proportional to x in Eq. (7) modifies the natural
frequency of the resonator,

xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

meff
� 2g2

meff Cd;0
þ xn b1 þ b2ð Þg2

meff

s
: (9)

In this system, xnb, which has a maximum value of 1=Ct for any value
of Re, is much smaller than 1=Cd;0. Electrostatic softening in the device
tunes the resonator natural frequency from xn;0=2p ¼ 126 kHz to as
low as xn=2p ¼ 84 kHz across the 0–24V bias voltage range used in

Figs. 3 and 4. The term proportional to _x in Eq. (7) modifies the qual-
ity factor of the mechanical system,

1
Q
¼ b

meffxn
þ a1g2

meff xn
þ a2g2

meffxn
: (10)

The quality factor can be written as a reciprocal sum,

1
Q
¼ xn;0

Q0xn
þ 1
Qe;1
þ 1
Qe;2

; (11)

where Q0 ¼ meffxn;0=b is the quality factor in the limit of zero bias
voltage and Qe;1 and Qe;2 are the quality factors associated with the
electrical coupling to a given electrode. For this device, Q0 is domi-
nated by thermoelastic dissipation (TED), in agreement with the
Zener model.44 Even in the absence of electrical damping, the signifi-
cant electrostatic softening of the resonant frequency with increasing
bias voltage reduces the quality factor. Substituting Eq. (5), evaluated
at x ¼ xn, into the electrical quality factor terms in Eq. (10) yields

Qe;1 ¼
meffxn x2

nC
2
t;1R

2
L þ 1

� �
g2RL

;

Qe;2 ¼
meffxn x2

nC
2
t;2R

2
E þ 1

� �
g2RE

:

(12)

FIG. 3. The measured total quality factor, Q, as a function of the load resistor, RL,
and bias voltage, Vb, for (a) Rf1 ¼ 1 MX and (b) Rf1 ¼ 10 MX. Vb is varied from
6 V to 24 V in 2 V increments, with darker data points corresponding to higher vol-
tages. The model in Eq. (11) is fitted using Ct ¼ 20 pf and an effective amplifier
resistance RE ¼ 270 X for Rf1 ¼ 1 MX and RE ¼ 1.9 kX for Rf1 ¼ 10 MX. The
arrows indicate the reduction in Q for all RL values, which accompanies the
increased feedback resistance.
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The resonator motion due to its coupling to the thermal bath has
a displacement noise ASD given by

XthðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
4kBTb
p

meff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

n � x2
� �2 þ xxn

Qeff

	 
2
s ; (13)

where T is the temperature, kB is Boltzmann’s constant, and Qeff is the
effective quality factor of the resonator. Qeff ¼ Q for our experiments,
as all changes in the quality factor occur by modifying the underlying
dissipation and the corresponding thermomechanical noise. As we
show in the supplementary material, in the presence of electrical dissi-
pation, the output voltage ASD near the resonance of a TIA connected
to the electrode is given by

VNðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kBTG2ð Þ g2

meff

 !
x2xn

Q

	 


x2
n � x2

� �2 þ x2
n

Qeff

 !2 þ N2
a

vuuuuuuuut
; (14)

where G is the transimpedance gain, g is the transduction factor,45 Na

is the noise floor of the amplifier, and Q is the total quality factor given
by Eq. (11). This equation presumes that the quality factor is suffi-
ciently large that a1 and a2 are approximately constant near resonance.

Figure 3 plots the measured quality factor as a function of bias
voltage and load resistance in the vicinity of the RC cutoff frequency.
For all load resistor values, increasing the bias voltage strongly reduces
Q, and Q reduction is maximum when the load resistor shifts the
cutoff frequency of the RC circuit to match the mechanical resonance
frequency.24,38 We measure the voltage ASD near resonance and
implement a least squares minimization fit to the model given by Eq.
(14) to extract Q, g2=meff , xn, and Na. We present two different three-
stage amplifiers, each one with a different first stage feedback resistor
denoted by Rf 1. We separately measure GðxÞ for each TIA. We fit the
quality factor as a function of RL and Vb to the model in Eq. (11) by
selecting the values for Ct, Q0, and RE. Ct ¼ 20 pf and Q0 ¼ 7530
are used in all cases. No arbitrary scaling parameters are used. For
Rf 1 ¼ 1 MX, the effective dissipation resistance is RE ¼ 270 X, while
for Rf 1 ¼ 10 MX, the effective dissipation resistance is RE ¼ 1.9 kX.
The values extracted from the fitting are in agreement with the values
expected from Eq. (1) for the open-loop gain values for an OPA657
amplifier: 65–70 dB.46 The increased equivalent resistance in the
amplifier corresponds to an increase in the effect of electrical damping
away from the RC cutoff frequency, denoted by the arrows in Fig. 3.

Figure 4 demonstrates the impact of the measurement amplifier
on the total quality factor, for a load resistance away from and near
the cutoff frequency of the RC circuit. The Q suppression maximum
seen at RL ¼ 95 kX in Fig. 3 corresponds to a cutoff frequency of
1=2pRC ¼ 84 kHz, which matches the resonant frequency of the
device at V b ¼ 24V. Away from the cutoff frequency, loss from the
effective amplifier resistance, RE, makes a non-negligible contribution
to the total quality factor, so increasing Rf 1 results in an observable
reduction in Q.

FIG. 4. The measured total quality factor, Q, as the bias voltage, Vb, is varied for
three different amplifier configurations, (a) away from the cutoff frequency of the RC
circuit for the load resistor RL ¼ 100 X and (b) near the cutoff frequency of the RC
circuit for RL ¼ 100 kX.

FIG. 5. (a)–(d) The amplitude spectral density (ASD) of the thermomechanical dis-
placement noise as a function of the frequency offset from resonance, Dx, for the
increasing load resistance, RL. Experimental data are plotted against a least
squares minimization fit, V, using Eq. (14), where Qeff ¼ Q, and, V�, using Eq.
(14), positing that electrical dissipation only decreases the effective quality factor,
while the mechanical system quality factor remains in the limit of zero bias voltage.
A close agreement of the Qeff ¼ Q model with the experimental noise ASD sug-
gests that electrical damping tunes the actual, not effective, quality factor of the
resonator.
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The electrical damping studied here differs from the methods of
suppressing the effective quality factor because the Johnson noise in the
resistance capacitively couples back to increase the thermomechanical
noise force on the mechanical resonator.47,48 Figure 5 demonstrates that
the system matches the model in Eq. (14) when electrical damping is
assumed to modify both the resonator transfer function and the ther-
momechanical noise force, i.e., both the numerator and denominator of
Eq. (14), and does not match if the electrical damping is presumed to
only modify the transfer function. Electrical damping thus reducesQ.

By sweeping the cutoff frequency of the secondary electrical cir-
cuit across the resonant frequency, we isolate the electrical damping of
the mechanical resonator arising from the readout amplifier and show
that the loss due to a high-gain amplifier can exceed the contributions
from mechanical sources. We show that the electrical loss mechanism
is strongly dependent on the parasitic capacitance within the system,
suggesting that the geometry and fabrication method of electrodes for
the capacitive sensing of resonators play important roles in determin-
ing the magnitude of electrical damping. We show that electrical
damping suppresses the intrinsic quality factor, not the effective qual-
ity factor, of a M/NEM resonator.

See the supplementary material for the measurements of the elec-
trical and mechanical relaxation times of the system and a derivation
of the resonator noise ASD in the presence of electrical damping.
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